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I. INTRODUCTION
Radiative association is an important way of formation of molecules in interstellar clouds.
1 Direct laboratory measurements of radiative rate coefficients have so far only been possible to carry out for certain ionic systems, 2 which opens the door to intensive theoretical study of the process. The common theoretical approach is based on quantum mechanical (QM) treatment of the nuclear dynamics under the assumptions that there are no couplings between different electronic states of the system and that the total and rotational angular momenta of the system are equal.
1 Such an approach was used before to investigate the formation of the CN radical through the reaction 
However, at low collision energies (low temperatures) spinorbit and rotational couplings may influence the dynamics substantially and should be taken into account, in general. In this work, we present a model for the radiative association of CN, where such effects are included. Couplings between doublet electronic states are considered, i.e., we consider the reaction
where N stands for a superposition of X 2 + and A 2 . The main emphasis is on low-energy collisions.
II. HAMILTONIAN OPERATOR AND MATRIX REPRESENTATION
The total Hamiltonian operator for the diatomic system in the center-of-mass coordinate frame can be written as the sum of three termŝ H( R, r) =T nuc ( R) +Ĥ el ( r; R) +Ĥ SO ( R, r),
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where R is the internuclear distance, r is the collective label for coordinates of all electrons,T nuc ( R) is the kinetic energy operator for the relative motion of the nuclei,Ĥ el ( r; R) is the electronic Born-Oppenheimer (BO) Hamiltonian, and H SO ( R, r) is the Hamiltonian for spin-orbit interactions. The nuclear kinetic energy operator consists of radial and angular parts:T nuc ( R) = −¯2 2μR
whereˆ is the orbital angular momentum operator for the relative motion of the nuclei and μ is the reduced mass of the system. We also define the effective potential operator aŝ V eff ( R, r) =ˆ 2 2μR 2 +Ĥ el ( r; R) +Ĥ SO ( R, r).
Following general scattering theory of diatomic molecules, 4 the total wavefunction of the system is expanded in a basis of the type
with ψ Jqα (R) being the radial part of the wavefunction, J -the total angular momentum of the system, M -its projection on the space-fixed z-axis, and the index q stands for the energy E, if the state belongs to continuum, or vibrational quantum number v, if the state is bound. |J Mα R , r represents the electronic-rotational basis function, where α stands for the set of additional quantum numbers required to uniquely define the quantum state and the subscripts show the dependence on angular nuclear (R) and electronic ( r) variables. Construction of the matrix representation of the Hamiltonian operator in the electronic-rotational basis transforms the original problem of solving the Schrödinger equation for the total wavefunction into the problem of solving a system of coupled radial equations for ψ Jqα (R). 4 The electronic-rotational basis in Eq. (6) can be constructed in many different ways. In case of diatomic molecules, most common electronic-rotational basis sets are associated with different Hund's angular momenta coupling schemes. 5 For the purpose of the present study, it is sufficient to consider only Hund's case (a) and Hund's case (e) basis sets.
In Hund's case (e), which is also called the "atomic" basis,
where j = j C + j N is the total electronic angular momentum of the system, j C and j N are the total electronic angular momenta of the separate atoms and the total angular momentum of the system is formed as J = j + . In Hund's case (a) or the "molecular" basis
the electronic-rotational state is characterized by the projection of the electronic angular momentum on the internuclear axis, , the total electronic spin, S, and the projection of the total angular momentum on the internuclear axis, . A detailed mathematical description of both basis sets is given in Ref. 6 . The radiative association of C( 3 P) and N( 4 S) atoms can lead to 36 different electronic-rotational states of the CN radical, which are 6 doublets (2 × 2 + and 4 × 2 ), 12 quartets (4 × 4 + and 8 × 4 ), and 18 sextets (6 × 6 + and 12 × 6 ). Following previous studies on the radiative association of CN (Refs. 3 and 7), only molecular electronicrotational basis functions with S = 1/2 are considered in Eq. (6) , which leads to a 6-state problem. The electronic BO Hamiltonian is diagonal in the molecular basiŝ
with the eigenvalues V S (R) being the BO potential curves for different electronic states of the molecule. For the presented 6-states model, the matrix of the spinorbit Hamiltonian contains two independent components:
where ±1/2 in subscript stands for the projection of the total electronic spin S and the Cartesian x and y components of the 2 state are related to the signed-as
The potential curves and matrix elements of the spinorbit operator were determined using ab initio calculations and the details are presented in Sec. IV A. The matrix of electronic and spin-orbit operators in the molecular basis is given by
where the subscripts now stand for the projection of the total angular momentum on the internuclear axis. From Eq. (14) , it can be seen that the A matrix element couples 
This diagonal matrix can then be transformed into the molecular basis using an R-independent transformation, which is discussed in Appendix A. Such an approach to calculate the rotational couplings was successfully used before in studies of photodissociation. 6, 8 Addition of the rotational kinetic energy matrix to Eq. (14) yields a 6 × 6 matrix for the effective potential. However, the resulting matrix can be separated into two 3 × 3 non-interacting blocks using the parity-adapted molecular basis functions
where = ±1. The final effective potential matrices are given by
where only the upper triangles of each matrix are shown. 9 The difference between the two parity blocks appears in the centrifugal term of the 2 + 1/2 states and in the rotational coupling elements between these and the 2 1/2 states. The reader should note that for the total angular momentum J = 1/2, the 2 3/2 states do not exist and must be excluded from the matrices. The implications of this fact will be discussed later in Sec. III C.
III. RADIATIVE ASSOCIATION CROSS SECTION
A common theoretical treatment of radiative association is based on the dipole approximation for the description of light-matter interactions and thermodynamic relations for the Einstein A coefficient describing the spontaneous emission of a photon (see, e.g., Ref. 10). Based on these approximations, the quantum mechanical (QM) cross section for radiative association can be calculated as
where k n is the wavenumber for the initial state n, p n is the probability of approaching through the state n, λ v J is the wavelength of the emitted photon,D is the dipole moment operator, n J ME and J M v are the total wavefunctions of initial (continuum), and final (bound) states, respectively. The subscripts R and r show that the integration is carried out over all nuclear and electronic coordinates. We note that the present and conventionally applied perturbation theory treatment of radiative association can give nonphysical peak height for very narrow resonances, 11 which should not be noticeable on the results presented here.
It should be mentioned here that in all publications about radiative association, which the authors have encountered, the formula for the QM cross section (Eq. (19)) was written in a different way. Usually, 1, 11-18 the transition dipole matrix element is factorized as
where the summation over M, M and integration over all coordinates except the internuclear distance are carried out to form the Hönl-London factors S J J (Ref. 19) , and ψ n J E (R) and ψ J v (R) are the radial parts of the total wavefunctions. However, such factorization can only be done if there is no coupling between the electronic states of the system and the total wavefunctions ( n J ME and J M v ) are not linear combinations of basis functions with different electronic-rotational parts, which is discussed in Appendix B.
A. L 2 method for calculation of collision dynamics
In the present study, the calculation of the cross section (Eq. (19)) is based on the L 2 method, where a complex absorbing potential (CAP) is added to the Hamiltonian (3) to provide a unified description of the continuum and bound states. The method has been successfully used for the description of the photodissociation process 20, 21 and its application to radiative association has also been tested earlier.
14 Here, we summarize the main formulae.
The square of the transition dipole matrix element in Eq. (19) can be rewritten in terms of the Green operator
where n J ME are related to the free scattering wavefunctions (see Appendix C),Ŵ is a positive absorbing potential, andẼ is the total energy of the system. The key idea of the CAP method is to use the modified Green operatorG
where the new modified Hamiltonian operator is given bỹ
The subscript J shows that the Hamiltonian is derived for a particular value of the total angular momentum of the system. The eigenfunctions of the Hamiltonian (23) are expanded in the basis (6) and radial wavefunctions are calculated as described in Sec. IV B, which yields the finite set of total eigenfunctions of the modified Hamiltonian with corresponding complex eigenvalues
The calculated wavefunctions must be normalized with respect to the so-called C-product, 22 which for the problem at hand is given by
The eigenfunctions of the Hamiltonian (23) are then used to construct the spectral resolution of the Green operator (22)
Substitution of Eq. (25) in Eq. (21) yields the final expression for the transition dipole matrix elements
The integration over the angular nuclear coordinates (R) and all electronic coordinates ( r) in Eq. (26) can be performed analytically, which is described in Appendix B.
B. Asymptotic energy levels
The wavenumbers k n in Eq. (19) are related to the initial kinetic energy of the colliding atoms (E n ) as
where E n =Ẽ − ε n ,Ẽ is the total energy of the system, and ε n is the asymptotic energy of the nth electronic-rotational state. Thus, to calculate the cross section, it is necessary to specify the electronic-rotational state through which the atoms start to approach each other. However, such a state can only be chosen, if there is no coupling between different electronic-rotational states at infinite separation of the atoms. In the present model, the asymptotic effective potential matrix (Eqs. (17) and (18)) in the molecular basis is nondiagonal due to the spin-orbit coupling, which asymptotically has the form
which is the same for both parity blocks and A(R → ∞) = B(R → ∞) (Sec. IV A). Thus, we need to change to another representation, where the potential matrix is asymptotically diagonal. Such a representation was constructed by diagonalization of the (ˆ 2 + H ∞ SO ) matrix. The result is a set of uncoupled states with corresponding asymptotic energies. This is shown schematically in Fig. 1 . The asymptotic boundary conditions n J ME are obtained from the eigenvalues and eigenfunctions of the (ˆ 2 + H ∞ SO ) matrix and the details are given in Appendix C.
It should be mentioned that the 6-state model used in the present study results in only two asymptotic energy levels, but diagonalization of the full (36 × 36 states) effective potential The relation between asymptotic energies of coupled (red) and uncoupled (green) states. For a given value of the total energy (Ẽ), corresponding values of initial kinetic energies (E 1 ± , E 2 ± , and E 3 ± ) are shown by the blue arrows. The ± sign in the subscript refers to the parity blocks of the effective potential. The calculated asymptotic value of B is 4.43 cm −1 (Fig. 2) .
matrix gives three energy levels corresponding to the spinorbit states of the C( 3 P) atom.
C. Population factors
When the correct asymptotic states have been determined, it must be decided which population factors p n to use. When the system has states with different asymptotic energies, the population factors must account for the thermal population of those states and, in general, are given bỹ
where g n and ε n are the degeneracy and the energy of the nth asymptotic state, k B is the Boltzmann constant, and T is the temperature. Selecting a new zero level at ε 0 = −B(R → ∞) for the asymptotic energies, we get
Substitution of Eqs. (30) and (31) into Eq. (29) gives
From Eqs. (32) and (33), it is clear that when the spin-orbit couplings are taken into account, the cross sections (Eq. (19)) become temperature dependent in contrast to the calculations without couplings.
However, the present model includes only 6 doublet states of the CN radical, while the full problem consists of 36 states. In order to bring the results of the present model in accordance with previous results, the cross sections should be scaled by the factor
where N inc is the number of states included in the model and N tot is the total number of states accessible by the system. Thus, the full population factors in Eq. (19) should be calculated as
As mentioned in Sec. II, molecular states with > J do not exist, which means that the derived population factors are valid only for J ≥ 7/2. For example, when J = 5/2, two sextet states ( 6 7/2 states in each -block) are missing, giving the total number of states accessible by the system N tot = 34. Proceeding in the same way for lower J values, we obtain the numbers given in Table I . Furthermore, for J = 1/2, the 2 3/2 states do not exist; so, for that value of the total angular momentum, we have g 1 ± = 0 and N inc = 4.
It should be mentioned here that, in astrophysical environments, where the formation of the CN radical through radiative association could be important, the population of the asymptotic levels is not necessarily described by a thermal distribution. Due to lack information on actual distributions, a thermal one was chosen.
IV. MOLECULAR DATA AND COMPUTATIONAL DETAILS

A. Ab initio calculations
The BO potential energy curves V S (R) and dipole moments D(R) were calculated using the CASSCF/MRCI method with full valence active space (nine electrons in eight orbitals). The correlation-consistent basis set with diffuse and polarization functions, aug-cc-pCVQZ, was used. For calculation of the spin-orbit coupling elements A(R) and B(R), the Breit-Pauli Hamiltonian as implemented in MOLPRO All quantities as functions of the internuclear distance were constructed in a similar way: the natural cubic spline technique was used for the interpolation of ab initio points (extrapolation for R < 1.3 bohrs (which is well behaved)) and analytical formulae were used to account for the asymptotic behavior.
The potential energies and dipole moments were calculated at 167 different geometries placed between R = 1.3 bohrs and R = 10.3 bohrs. The asymptotic behavior of the potentials was described by the simple formula for the dispersion interactions:
where the C 6 coefficient was determined for each potential by fitting the last several ab initio points to Eq. (36). The values were found to be 0.890 and 1.472 hartree · Å 6 for the (10) and (11)). potentials, respectively. The spectroscopic constants of the calculated potentials are in close agreement with experimental data 25 and the values are given in Table II . The dipole moments were assumed to have the asymptotic form
where both A and α were calculated in the same way as the C 6 parameters for the potentials. A total number of 127 points within the range of 1.3-9.4 bohrs was used in calculating the coordinate dependence of the spin-orbit coupling elements. It was found that both coupling elements (A and B) converge to the same value of 4.43 cm −1 for large internuclear distances. The values for A and B can be derived from the splittings between the spin-orbit levels in the C( 3 P ) atom. Using spin-orbit splitting values recommended by NIST, 26 a value of 4.66 cm −1 was obtained. The agreement between the two values is good considering that only states with S = 1/2 were included in our calculations.
B. Dynamical calculations
In our calculation of the radiative association cross section, we used the transmission-free CAP derived by Manolopoulos:
where c = 2.62206, E min is the minimum value of the initial kinetic energy of the colliding atoms for which the calculation is performed and
with R a being the shortest distance for which the CAP is added to the Hamiltonian. The length of the absorbing region R max − R a was chosen so that it equals one de Broglie wavelength of the system at E kin = E min . Such a choice of the CAP parameters makes the reflection small. 27 The radial parts of the pseudo-bound wavefunctions (˜ J Mu ) of the Hamiltonian (23) were calculated using a discrete variable representation (DVR) with a uniform grid. 29 The parameters of the calculations are given in Table III . In calculation of the bound state wavefunctions ( J M v ) of the Hamiltonian (3), the same DVR technique was used, where the minimum distance R min and spacing between grid points dR were kept as for the pseudo-bound states, but the total number of points was 500.
Since our main emphasis is on the low-energy collisions (E kin < 1.0 mE h ), only states with total angular momentum up to J max = 50 1 2 were considered. For each value of J , all vibrational levels were included in the calculation.
V. RESULTS AND DISCUSSION
A. Uncoupled states
First the QM radiative association cross section for reaction (1) has been calculated using the ab initio potentials and transition dipole moments, excluding the rotational and spin-orbit couplings. The result is displayed in Fig. 4 together with the results of previous calculations, which employed semi-empirical potentials. Comparison of the cross sections reveals significant differences. At low energies, the baseline of the new cross section is substantially increased and the resonance structure clearly differs from previous calculations. Both observations can be assigned to the differences in the semi-empirical and ab initio potentials, which are pronounced in the long-range part. At long-range, the semi-empirical potential is not attractive enough thereby resulting in the centrifugal barrier being too high, as it ends up at too short internuclear separations for small values of the total angular momentum J. This, in turn, makes the baseline of the cross section too small for low energies where contribution from low J dominates. For mid-range internuclear separations, the semi-empirical potential is too attractive, giving the reverse effect. The small difference between the dipole moments used in the previous 3 and present calculations is expected to have a negligible contribution to the observed differences.
B. Coupled states
The low-energy parts of the QM state-resolved cross sectionsσ n for the radiative association of the C( 3 P) and N( 4 S) atoms are shown in Fig. 5 . By state-resolved cross section we mean that it is calculated for a particular initial electronicrotational state (Fig. 1) and the temperature-dependent part of the population factorsp n (Eqs. (32) and (33)) is not included, i.e.,σ n = σ n /p n with σ n defined in Eq. (19) .
Careful investigation shows that the state-resolved cross sections have similar patterns in their resonance structures (Fig. 6 ). In the presented theoretical approach, each quasibound state (which manifests itself as a resonance in the cross section) can be associated with one of the eigenfunctions˜ J Mu of the modified Hamiltonian (23) . From Eq. (26), it is clear that a particular quasi-bound state contributes to all state-resolved cross sections, which explains the similarities in the resonance structure. Since on the right-hand side in Eq. (26) the integral involving the dipole moment operator does not depend on the choice of the initial state, the magnitude of the resonance in each state-resolved cross section is defined by the projection of the quasi-bound wavefunction on the corresponding asymptotic boundary conditions. The position of the resonances is shifted to lower kinetic energy for theσ 3± cross section compared toσ 1± andσ 2± and the value of the shift corresponds to the difference in asymptotic energies ε = 3B(R → ∞) = 13.29 cm −1 (Fig. 6 ). The energy-dependent radiative association rate coefficient can be calculated as
where
is the initial relative velocity of the colliding atoms and σ (E) is the total radiative association cross section: Figure 7 shows a comparison of the energy-dependent radiative association rate coefficients calculated with and without spin-orbit and rotational couplings. In the case of coupled states, the populations p n are evaluated at T = 30 K, which corresponds to the logarithmic middle of the presented energy interval (≈0.1 mE h ). When couplings are taken into account, the asymptotic degeneracy of the molecular states is removed and the centrifugal terms are now different for different states (see Eqs. (17) and (18)). Thus, the number of quasi-bound levels, which correspond to the shape resonances in the rate coefficient k(E), supported by the system is significantly increased. Furthermore, the presence of couplings between the molecular states allows the system to have Feshbach resonances, which cannot occur in the uncoupled calculations. This explains the richer resonance structure of the new rate coefficient compared to the previous one.
VI. CONCLUSIONS
We have presented a 6-state model for the radiative association of C( 3 P) and N( 4 S) atoms, where spin-orbit and rotational couplings are taken into account. Through analysis of the energy-dependent rate coefficient, the role of these couplings at low collision energies was shown. It is clear that spin-orbit and rotational couplings should be taken into account to predict the correct behavior of the rate coefficient at low temperature. Increase of both the number of resonances and the baseline of the energy-dependent rate coefficient is expected to have a strong influence on the temperature-dependent rate coefficient at low (and probably moderate) temperatures. The main drawback of the presented model is the incorrect description of the asymptotic energy levels of the system and it is desirable that future investigations of the radiative association of CN also include quartet and sextet states.
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APPENDIX A: TRANSFORMATION BETWEEN ATOMIC AND MOLECULAR BASIS SETS AND ROTATIONAL COUPLINGS
The transformation between the atomic and molecular basis sets for a general diatomic molecule AB is given by the 
where expressions of the type KQ|kkare ClebschGordan coefficients, the expression in curly brackets {···} is a 9j-symbol, A B |c are numerical coefficients and [N] = (2N + 1) . Definition of all quantum numbers used in the formula is given in Table IV . Considering the electronic states of the interacting atoms C( 3 P) and N( 4 S), Eq. (A1) can be simplified. First, since the nitrogen atom electronically is in an S-electronic state, i.e., N = 0 and N = 0, we have C N |c = δ C . 6 Second, the formed CN radical can only have one value of the electronic angular momentum L = C + N = 1, which leaves only one term in the summation in Eq. 
where S j 1 j C 1 3 2 is a 6j-symbol. Thus, the formula for the transformation between the atomic and molecular basis sets X Electronic orbital angular momentum of atom X s X Electronic spin of atom X j X Total electronic angular momentum of atom X: j X = X + s X L Total electronic orbital angular momentum of the diatomic system:
Total electronic spin of the diatomic system: S = s A + s B j Total electronic angular momentum of the diatomic system: j = j A + j B Rotational angular momentum of the nuclei J Total angular momentum of the diatomic system: J = j + X Projection of X on the internuclear axis Projection of L on the internuclear axis Projection of S on the internuclear axis Projection of J and j on the internuclear axis: = + M Projection of J on the spaced-fixed z-axis
